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We discuss the derivation of the trace anomaly using a non-local effective action at one loop. This 
provides a simple and instructive form and emphasizes infrared physics. We then use this example 
to explore several of the properties of non-local actions, including displaying the action for the full 
non-local energy-momentum tensor. As an application, we show that the long-distance corrections 
at one loop lead to quantum violations of some classical consequences of the equivalence principle, 
for example producing a frequency dependence of the gravitational bending of light. 


1. INTRODUCTION 


We are used to dealing with local effective Lagrangians. However, one can also use non-local effective actions to 
summarize the one-loop predictions of a theory containing light or massless particles (see e.g. Q)- The non-locality 
occurs because light particles propagate a long distance within loop processes. In this paper, we explore some of 
the properties of such non-local effective actions in a simple context - that of the energy momentum tensor in gauge 
theories with with massless particles. 

One of the simplest and most instructive derivations of the QED trace anomaly is also one of the least known. Let 
us present a quick treatment of this derivation, which we will then explore in more detail in the body of this paper. In 
the massless limit, the classical electromagnetic action with charged matter is invariant under the continuous rescaling 

A^{x) A'^{x') = X~^A^{x), ifix) -)• iIj'{x') = X~^^^tp{x), (t){x) (j)'{x') = X~^(j){x) . (1) 

with x' = Xx. Associated with this symmetry is a scale or dilatation current^ 

( 2 ) 

and the invariance of the action then leads to the tracelessness of the energy momentum tensor 


Ftr 

O 7/^ _ 7^ M 

- QX 


= 0 
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( 3 ) 


where C\ = A"‘£(A', is independent of A when the action is scale invariant. With the symmetric energy 

momentum tensor for the photon, 


T ——F F'^ 4--n F aF°‘^ 

^ fii/ — fi<T^ i> I ctp^ 


( 4 ) 


this property is readily apparent. 

If we consider loops of the massless charged fields^, the vacuum polarization diagram will contain a divergent piece 
which goes into the renormalization of the electric charge. It also contains a Inq^ in momentum space, where refers 
to the momentum of the photon. Rescaling the gauge field by the bare electric charge —>■ A^jeo, we can write a 

one-loop effective action describing both of these effects 


5 = 


d X - -Fp,y 


[e^F) 


h ln(n//r^) 


pP'T 


( 5 ) 


^ There are subtleties associated with the exact relation between the dilatation current and the energy-momentum tensor [3| which we 
briefly discuss in Appendix A. 

^ All fields will be treated as massless in this paper. While there are no strictly massless charged particles, the results will apply at 
momentum transfer well above the particle mass. Moreover, these massless calculations are illustrative of other interesting situations, 
such as QCD or gravity, where strictly massless particles do appear. 
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where bi is the leading coefficient of the beta function, hg = l/(487r^) for a charged scalar and bj = l/(127r^) for a 
charged fermion, and □ = 9^. 

Under a scale transformation, we see that the In □ term violates the scaling invariance since In □ —In □ — In . 
From Eq. we now infer that 


ri — —F FP’^ 

After reverting to the usual definition of the field this yields the usual form of the trace anomaly 

be^ 

TP— F FP'^ 

Pfj, — 2 


( 6 ) 

( 7 ) 


This derivation is instructive because it highlights the key physics - that the anomaly is related to the scale 
dependence of the running coupling, which breaks the classical scale invariance. However, the procedure is also 
unusual in that the anomaly is associated with an infrared effect, the Ing^ or InD behavior. Most derivations and 
discussions of anomalies emphasize the ultraviolet origin of the effect, either through regularization of the path 
integral or through the UV properties of Feynman diagrams. Of course, the UV (the renormalization of the charge) 
and the IR (the Inq^) are tied together when using dimensional regularization with massless fields, so there is not a 
contradiction. However, it is satisfying to our effective field theory sensibilities to see a derivation that is insensitive 
to the UV regularization. No matter how one regulates or modifies the high energy end of the theory (consistent with 
gauge invariance of course) the infrared behavior and the trace anomaly will remain unaffected^. 

The Lagrangian of Eq. @ is written in quasi-local form, which we will explain in more detail below. The In □ term 
is a shorthand for a non-local object 

(x|l„(i^)|!,)sL(x-!,) = /^e-<--.)l„(^) . (8) 

However, under rescaling, this behaves in the same way as described above with a local term 

L{x -?/)-)> A"'^ {L{x - y) - In X^S'^ix - y)) (9) 


yielding the same trace anomaly equation. It is well known that the anomaly does not follow from any local Lagrangian. 
Here, we have seen that it does follow from the variation of a non-local Lagrangian. 

As far as we know, this derivation was first sketched by Deser, Duff and Isham in a paper on gravitational conformal 
anomalies Q. One can find echoes of it throughout the gravitational literature, for example in 

which is surely an incomplete list. The local anomaly itself has been thoroughly discussed in the literature and we 
have little new to add. However, our objective in this paper is two-fold. The first concerns the connection of anomalies 
to non-local effective actions which is not regularly discussed in the gauge theory literature. Our purpose here will 
be to give a thorough discussion of this non-local effect for QED and to use this simple example to make a concrete 
exploration of non-local effective actions. A second goal is to discuss the extra novel features when we include the 
gravitational coupling in the non-local actions. This provides a simple example of non-local gravitational actions, 
which is an interesting but more complicated subject. 

After finding a local trace anomaly from a non-local action, it is natural to consider the full energy-momentum 
tensor which yields the appropriate trace. Due to the propagation of massless particles in the loop, it will also be a 
non-local object. To our knowledge, this object has not been constructed before in the literature. This step is indeed 
important if one wants to fully understand the phenomenology of the trace anomaly. We will construct this object for 
a char ged scalar field in the loop and later display the result for fermions by consulting the matrix element calculation 
of [l9|,|20j. An extra motivation for using a charged scalar is that, unlike fermions, the scalar’s minimally coupled 
action is not conformally invariant. This provides an interesting insight into the connection between conformal/scale 
invariance and the anomaly. Our non-local form also has several interesting properties, which we discuss. 

In regard to gravity, we also provide a partial non-linear completion of the perturbative result using the gravitational 
curvatures, although we reserve a detailed discussion of this aspect to a companion publication [^. Our result for 
the traceful part of the energy-momentum tensor can be obtained by varying a covariant action 


^ ( 2 <5F[g,A] \ 

\V9 59^'^ 


( 10 ) 
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There are also infrared derivations of the chiral anomaly [3| and the trace anomaly which make use of dispersion relations, with 

the integrand in the dispersive integral being dominated by low energy contributions. 
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where 


T[g,A]= J + 


( 11 ) 


Here, is the Weyl tensor and □ is the covariant d’ Alembertian. We will find that the first coefficient is 

determined by the beta functions of fermions or bosons 


n 


i^J) _ 

R — 


Pisj) 

12e 


( 12 ) 


while the last coefficient is not related to the beta functions and does not contribute to the trace. Note the !/□ pole 
which appears in the action which is required by direct calculation of the effective action. 

Since the energy momentum-tensor describes the coupling of photons to gravity, we also look at the scattering of 
a photon by the gravitational field of a massive object. The quantum corrections carry an extra energy dependence 
that leads to violations of some of the predictions of classical general relativity. For example, the equivalence principle 
requires that the bending of light is the same for photons of all energies. We show that this is no longer the case when 
non-local loop effects are present. We should expect that this quantum violation of the equivalence principle should 
be a general phenomenon, as noted in [l^. Within our calculation it could be described as a “tidal” effect since the 
photon’s coupling is no longer a local object but samples the gravitational field over a long distance through quantum 
loops of massless particles. Quantum mechanics does this in general by producing spatial non-localization and our 
example provides a non-trivial demonstration of this property"^. 


2. THE BACKGROUND FIELD METHOD AND THE NON-LOCAL EFFECTIVE ACTION 


Here we give a brief derivation of the non-local effective action using the background field method. The classical 
action for QED coupled to a charged field reads 


where 


S = Sem + J {Dpcj^YDf^cj) 

Df,(j) = {dp + ieoAp)cl), Sem = j d'^x - ^Fp^F^'' 


and eo is the bare electric charge. 

The one loop effective action is obtained by integrating out the charged scalar field 


iS 


r[A] = —Sem — fin Vcj)* Vcj) ( 

= ^Sem + i In (Det 

where we rescaled the gauge field. The operator reads 

= n + i{d-A) + 2iA>^dp - A^ . 

In perturbation theory we can expand the logarithm in powers of the interaction 


In (Det D^) = Tr [ — v - v— v - 

^ ^ ' □ 2 □ □ 


-f const. 


(13) 


(14) 


(15) 


(16) 


(17) 


where 


v = i{d-A) + 2iA^^dp-A^ 


(18) 
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Of course, since all charged particles in Nature have mass, the results will only be applicable in the real world for photons with energies 
well above the electron mass. 
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Introducing position-space eigenstates such that 

{x\^\y) = iApix - y) (19) 

and using dimensional regularization, we have that Ai?(0) = 0, and hence the first term in the expansion vanishes. 
Integrating by parts to place the derivatives on the propagators and noting that the latter is a function of the geodesic 
distance \x — y|, we find the order-^^ contribution 

T[A] = \sem +i f d^xd^y Af^{x)Mfj,^{x - y)A''{y) ( 20 ) 

Cq J 

and 


-y)=d^ Af{x - y)du Af{x - y) - Af{x - y)di,d^ Af{x - y) 


( 21 ) 


and all derivatives act on x. By Fourier transforming and using standard manipulations in momentum space, one 
obtains the following relations 


AF{x)d^AF{x) = ]^d^A\{x) 
AF{x)d^d^,AF{x) = [dd^^d^, - 


d^AF{x)d^AF{x) = [(d - 2)df,d^ + 


^f{x) 

4(d-l) 

A\{x) 


4(d-l) ■ 


These combine to produce a tensor 


-y) = 


^pix-y) 

2{d-l) 


( 22 ) 


(23) 


which is conserved in any dimension. Converting one a;-derivative back to one with respect to y and integrating by 
parts we convert the result to a manifestly gauge invariant form 


r[A] = \sfm - i f d^xd^yF^„{x) 
Cq J 


^pix-y) 

4(d-l) 


F>^’'{y) 


We can represent the squared propagator by a Fourier transformation 

AUx-y)=-j ^e-^("-«)/2(<z) 

where / 2 (<?) is the scalar bubble function which reads 

1 


h{q) = 


1071^ 


-In 


-r 


3 =- 7 + In 47r . 

€ € 


(24) 


(25) 


(26) 


with e = (4 — D)/2. Now it is easy to renormalize the electric charge® and hence express the 4D effective action in a 
quasi-local form 


[a 1 

1 / 

^ □ V 

/ d^x - -F,^ 


vmV. 




where we find for the scalar loop (and by analogy for the fermion loop) 

A - 1 1 

* 487r2’ ^ 127r2 


(27) 


(28) 


^ Note that since [l/{d — l)]l/€ = l/(3€) + 2/3, there is an extra constant factor of 2/3 when using modified Minimal Subtraction 
renormalization. This constant is irrelevant for our purposes and we do not display it. 
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3. INCLUDING THE ENERGY MOMENTUM TENSOR IN THE EFFECTIVE ACTION 

The trace of the energy momentum tensor is a local object. What about the full energy-momentum tensor 
itself? One might try following the conventional procedure by employing the translation invariance of the quasi-local 
action in Eq. (I5|) to find but the non-local term renders this task impossible. One elegant pathway is to compute 
the effective action in curved space from which we can identify the energy momentum tensor through the relation 

^r[5,A] = ^J . (29) 

Hence we are interested in the non-local effective action including gravity. Of course we cannot complete this program 
for an arbitrary gravitational field. However it is sufficient to use perturbation theory if our aim is just the flat space 
result. Moreover, as we show in Sect. (6), perturbation theory can be used to propose a non-linear completion of the 
effective action apart from subtleties that we address in [2l|. We perform the computation for bosons and consult 
[mis to read off the result for fermions. The starting point is the action 

S=Sem + J - ^cj,*cj,R] (30) 

where all derivative operators are covariant. 

We have included the ^(j)*(j)R coupling, with ^ = 0 being minimally coupled and ^ = 1/6 being conformally coupled, 
in order to separately follow scale and conformal symmetry. For ^ = 1/6 the above action is invariant under local 
Weyl transformations, i.e. conformal transformations. Namely, 

g)j,i/ (j> ^ ^ —>■ Afj^ . (31) 

On the other hand, the minimally coupled action is invariant only under scale transformations. The scalar field 
energy-momentum tensor 

= (5^</)*(5.</) + (d.^nd^cj)) - g^4aA</)*(aV) + 2^9^.^ - (32) 

is traceless only for ^ = 1/6. For future reference, we point out that the trace of the energy-momentum tensor could 
be directly determined by performing a conformal transformation and then varying the action with respect to tr, 
namely 

5^S = - j d'^xaTy . (33) 

Turning to our calculation, we start by performing the path-integral which yields Eq. m but with the curved 
space operator 

D^ = V9 (-f 2iA>^df, + iV^Af^ - A^A>^ + ^R) . (34) 

The perturbative calculation is set up by expanding the metric around flat space 

9fii' ~ T hfiu (36) 

and all other geometric quantities accordingly. From Eqn. ([29|) . it suffices to compute the effective action linear in 
the perturbation up to terms quadratic in the gauge field. There exist three diagrams which contribute at this 
order, a triangle Fig. [1] and two bubble-like diagrams Fig. We evaluate the effective action on-shell, and thus 
impose both on-shellness of external photons = p'^ = 0 and transversality p ■ A{p) = p' ■ A{p') — 0. 

The calculation is performed using the Passarino-Veltman (P-V) reduction technique [l^ , the details of which are 
included in an appendix. The result of the triangle diagram is 

r = / / h^y-q)A%p)AP[-p')Vl,,^^p (36) 

Jp J p' 

where 

+ 4i? {■n^j.aPup + + [4/ - 4J Cq^ - Dq^]rj^,,p'^pp + [4/ + AEB]Qtj.Qu'nap 

+ [4J - B]q^q,pc.p + [4A + 4F + C - 4M - 4G - D]Q^Q,p'^pp + [4M - G - 4L + D]q^q,p'^pp 

-)- [41 + 2E- 4J]{p'^p^p,,p + p'^pppua + p'aPi^Vnh + PlPhVna) “ - q^PtJ.>^){Bpc,fi + {C - D)p'^pp) . 

(37) 
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FIG. 1: Triangle diagram. 




FIG. 2: Bubble diagrams. 


Here the various coefficients are the result of performing the momentum integration - these are given in the appendix. 
The first of the bubble diagrams reads 


B, = [ [ h^^-q)A‘^{p)AH-p')vXp 

J p J p' 


where 


The last diagram reads 




Bi _ 


D-2 




- qt^q^)va0i2iq) ■ 


/XI.,ap 1^4^^ _ 

^2 = 2 / / h^-{-q)A<^{p)A^{-p')V^; 




where 

V, 


This last diagram vanishes simply due to the condition p ■ A{p) = 0. 

Combining the three diagrams we find that to this order in perturbation theory the effective action reads 

r[g,A] = Sem-i t [ h>^’'{-q)A'^{p)A^{-p')M^,,op 


(38) 


(39) 


(40) 


’/fj,a/3 = \ (viSfiPuPa + VlHuP^iPa “ ^Ilfii^PflPc^ hip) “ {pp^iP^Pa “ Vpi^P^iPa + ^Vf^uPaPp^ h{q) ■ (41) 


(42) 


where 


KA _ -pT _ 


= (^■^^%,ap + ^ [aQ/xQx. (PaPp - P ■ P'Pap) + b {q^q^ - {p'^pp - p ■ p'pap)]^ h{q) (43) 


and 


a = -^(£>-4), b = 


A_^' 

24 ^ 


(44-4) 


(44) 


and ap i® the lowest order photon energy momentum matrix element 

M%^aP = Pt^Pi^PaP + PtiP^PaP + P^tvP'aPP “ PfiPaPi^p “ Pf^PpPau “ PuPaP^.p 
- P'l.PPPafi + P ■ p'ijlfiaPPu + VfiPPua “ PtiyPap) ■ 


( 45 ) 
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We have the limit Z? = 4 in all terms except for those of Eq. |44l 

There are a couple of interesting calculational features in this computation. One is that although we are calculating 
a triangle diagram, the scalar triangle integral 



d^k _1_ 

(P + iO){{k +p^) + iO)((fc + p')^ + iO) 


(46) 


does not appear in the result. The above integral is infrared divergent, and thus despite the massless loops the on-shell 
conditions yielded an infrared finite effective action up to this order in perturbation theory. The P-V reduction has 
expressed all of the integrals in terms of the bubble integral and the answer only contains 

d^k 1 i 1 

(2Tr)^ {k"^ + iO){{k + q)'^ + iO) IOtt^ e 




with 


7 -f IndTT. Also interesting is that the bubble integral as a function of an external momenta 


hip^ = A^) = 


d^k 1 

{2tt)^ {k? + iO)((A: + pY + *0) 


i 

IGtt^ 



(48) 


does not appear in the answer. In doing the P-V reduction shown in the appendix, we kept the off-shell condition 
in potentially divergent contributions in order to regulate the infrared aspects of the integrals, and 
inspection of these integrals shows Z 2 (A^) occurring frequently. However, all such terms drop out of the final result. 


3.1. Renormalization 


It is expected that the divergent part of the effective action is proportional to Sem which reads in momentum space 


1 


Sem = t^ / h^%-q)A<^{p)A^{-p')M 


4e^ / / 

^'^0 p 'Jp 


0 

piy',OL 0 


(49) 


and eo is the bare electric charge. As usual, the bare electric charge is replaced by its renormalized counterpart via 


e '7-1/2 

eo = p e . 

Working in the modified MS-scheme the renormalization constant is easily determined to be 

p2 

Zq = 1 — 


487r2e 

It is now easy to determine the beta function from the RGE 

r(e) = 


487r2 


After renormalization, we pass to the limit D = A and write down the renormalized effective action 


'[ 5 ,A] = ly I ^ h^%-q)A‘^{p)AP{-p') 


I 


I 


In 


e2(p) 487r2 p? 


-q 




(50) 


(51) 


(52) 


(53) 


where we identified the finite tensor for the charged scalar leaving the value of the conformal coupling arbitrary 


= 487^2^2 - (5 - 24C)(g^g;. - q^Vf^Y) {p'aPp - P ■ p'vap) ■ (54) 

We see that only for ^ = 1/6 does the photon’s energy momentum tensor have the expected trace relation. The lack 
of Weyl invariance in the scalar sector when ^ 1/6 carries over to the photon interaction and modifies the trace. As 

we show below, this feature is not present for fermions since the classical theory is Weyl invariant. On the other hand, 
it is satisfying to observe that, using the beta function, the renormalized effective action is indeed scale-independent. 



















3.2. Fermions and non-universality 


M 


At this stage, it is quite straightforward to read off the result for fermions from the matrix-element computation of 


[ 9 ,A] = 1 [ f h^-{-q)A^{p)Af^{-p') 

^ Jp Jp' 


1 1 , 


3 ^ 1271 ^ 


In 




where the finite tensor now becomes 


A/</ = ^ 

tiu,ap 247r2g2 


{-QtiQ,^ - QfiQu + {p'aPP - P ■ p'vap) ■ 


(55) 


(56) 


We also find the fermionic beta function 


/3^(e) = 


127r2 


(57) 


An interesting aspect of this result is the non-universality of the structure of the finite tensor which is responsible for 
the anomalous trace. However, we will show below that the trace of this tensor reproduces the correct anomaly for 
both bosons and fermions. 


3.3. Position space effective action 

Let us collect these calculations into a position space effective action. After integrating out the massless charged 
particle, it has the general structure 


r[A, h] = -^Sem[a, h] + r( 0 ) [A] + [A, h] 

e (fi) 


where 


Sem[A, h] = -^Jd*x + 2 T^l) 


(58) 


(59) 


with T^[,{x) given by Eq. (|4]) and r(°)[A] being the non-local piece in Eq. ©• The loop corrections linear in are 
contained in r*'^^[A, h]. Written in quasi-local form, it has the structure ® 




bs log 


rjicl _ bs 1 rps 


for conformally coupled scalars, where bg is the beta function coefficient and is the operator 

= 2d^F^pd,F^^ - q^udxF^pd^F^P . 

For fermions, the structure is similar 

' □ 


rW[A,/i] = -i J d^xh^'' 


bf log 




rr]Cl ^f ^ rjif 

2'u^ 


(60) 


(61) 


(62) 


except now is a different operator 


Ti. = -Fo.pd^d,F<^f^ - -Vf^.dxFa.pd^F^^^ 


(63) 


From now onwards, we use ^ = 1/6. 
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Both of these are genuine non-local actions. To display the non-locality we recall that the log □ factor is to be 
interpreted as in Eq. (|S]), and equivalently the !/□ term is the representation of the Feynman propagator as in Eq. 
(HH). ^ Then the explicitly non-local form reads 




h L{x - y)T;i{y) - Ap{x - y)T^y) 


i = sj 


(64) 


We see both a logarithmic non-locality and a mass-less pole non-locality. 

From Eq. (j29|l . one can readily obtain the energy momentum tensor itself from these expressions. In doing so, we 
rescale the photon field by a factor of e(/x) in order to obtain the conventional normalization. The result is given by 
the non-local object 


TIM = T±{x) - e% / d^y 


L{x - y)T;i{y) + - Ap{x - y)T;M 


Note that this form does contain a dependence on the scale y, within the logarithm. 


= 0 we have that 


i = s,f . (65) 

Using the on-shell condition 




( 66 ) 


and thus one can easily verify that the above tensor reproduces the correct trace anomaly. Moreover, to show that it 
is conserved one merely notices that both non-local functions are functions of the geodesic distance and hence convert 
derivatives to be with respect to the y variable and then uses integration by parts. Eq. (j65p is one of the main results 
of this paper. 

One can gain some insight into this structure if one decomposes the boson and fermion tensors into a universal 
term which yields the proper trace and a non-universal term that is traceless. Here we find 


TJ^iy — ^ — s, f 

where 

= d^FMM^ + FMMT"^ - riMFM^F^P 
- 2fmMF"^ - vMfm^f^p 

and 

s / 2 , 1 / 1 

= a\ — an = ai = —— . 

1 1 3> 2 3. 2 g 


(67) 

( 68 ) 

(69) 

(70) 


The trace of gives the anomaly, while is traceless. There is of course an ambiguity in any such decomposition 
- one can add any traceless tensor to while subtracting it from S^u. We have chosen the linear combinations to 
match the nonlinear completion that we will display in Sect. (6), such that corresponds to the F^(l/n)i? term 
and to the F^(l/n)C term. 


4. CONFORMAL AND SCALING PROPERTIES OF THE EFFECTIVE ACTION 

In the one loop effective action, we have found two terms that are proportional to the beta function coefficient, 
bi. These can be referred to as the In □ term and the !/□ term. We will see that both of them are required, but by 
somewhat different scale symmetry transformations. As we will describe below, the In □ responds directly to dilations 
while the !/□ responds to conformal transformations. The existence of both allows us to relate the two symmetries 
in this context. The InD behavior and the !/□ behavior are much discussed in the literature. For example, Deser 
and Schwimmer refer to the In □ terms as Type B anomalies and !/□ as Type A. It is interesting that both types 
emerge in this calculation. The !/□ terms are also associated with the Riegert anomaly action [^, which will be 
commented on in Sect. (6). 


^ When using the in-in formalism, the causal prescription for the InD piece was computed in [23| and evidently the !/□ would be the 
retarded propagator. 
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Let us now discuss the dichotomy between scaling and conformal symmetry breaking in the effective action con¬ 
structed in the previous section. The scaling behavior of was discussed in the introduction. Before we repeat 

the same exercise for [A, h] , we note that since h^i, has a mass dimension zero, it has a vanishing scaling dimension. 
Accordingly, under a scale transformation the 1-loop EA transforms as follows 

[A, h] ^ r(i) [A, /i] +1 / [log . (71) 

Using Eq. ([S]) and taking r(°)[A] into account as well, we find 

T/: = I ) (72) 

which is indeed the desired anomalous operator expanded around flat space. 

Notice in particular the feature that when performing this rescaling, the !/□ portion of the answer is scale invariant. 
However, when forming the energy momentum tensor, it is precisely the !/□ part that yields the traceful contribution 
to the energy-momentum tensor. To explain this, we need to understand the violation of conformal symmetry present 
in the effective action. Once again, we need to determine the transformation properties of the metric perturbation 
This is best achieved by linearizing the classical action and performing an infinitismal conformal transformation, 
namely 


5/xi/ (1 + 2 <t)5 fliy (73) 

This allows to read off the transformation of the metric perturbation 

One can readily check that the linearized action of Eq. o is indeed invariant under the above transformation 
provided 0 — >■ (1 — a)4>. Both Sem[A, h] and r(°^[A] are invariant. Moreover, 

[A, h] ^ [A, h]-hj d^x . (75) 

By using Eqs. (IMll and (l33|) . one reproduces the flat space limit of the anomalous operator 

7/ = (76) 

We have seen that when expanding to first order around flat space, two terms arise which are both related to the 
anomaly. When forming the energy momentum tensor, the log term multiplies the classical energy momentum tensor 
and hence is itself traceless. However under scale transformations the log produces an anomaly which combines with 
the lowest order piece in the proper way. On the other hand, conformal transformations directly produce the trace of 
the energy-momentum tensor, and this is manifest in the !/□ term of the one-loop result. 


5. THE ON-SHELL ENERGY-MOMENTUM MATRIX ELEMENT AT ONE LOOP 


Eor completeness, let us display the matrix element of the energy momentum tensor found in the previous section. 
The energy momentum tensor for on-shell photons has the general form 

{l{p')\T^,Al{p)) = ep{p')ea{p) 

+ Q^iQu {p'aPP - P ■ p'dap) G2{q^) 

+ {dlidu - q^il^iu) {p'aPp - P ■ p'Vap) Gsiq'^)] 

where 

= P't^Pi^VaP + PiiP'^VaP + dtJ-i^PaPP “ “ p'f,P/3Vau “ PuPaVr-P 

- p'uPpdaii + P ■ p'ilr.aPP’' + Pr.Pdva “ V^iuriap) (80) 


(77) 

(78) 

(79) 


1,2,3 


is the tree level matrix element and G 


are form-factors. 
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FIG. 3: Photon self-energy diagrams needed for the matrix element. 


We can extract this result from the energy momentum tensor found in the previous section. Unlike the effective 
action, the photons are dynamical in the matrix element compuation and thus we include the field-strength renor¬ 
malization graphs shown in Fig. These remove the dependence on the unphysical parameter /r and bring in mass 
singularities, and we have evaluated using the off-shellness condition to regulate these. The net effect is 

to replace the jj? dependence within the logarithm with A^. The results for the massless conformally coupled scalar 
are 


G, = l+e“6.1.,(,7V). = G3 = -5^ . (81) 

Note also the pole, 1/g^, in C? 2 , Gs, which we also saw in the effective action. The equivalent result for a massless 
fermion corresponds to 

Gi=l + e^bfHq‘^/X‘^), = ■ (82) 

We note that the trace anomaly relation emerges correctly in both cases, in that 

(7(p')I'7"mI7(p)) = e^(p')ea(p) [{p'aPP - P ' (-G2(g^) - 3G3(g^))] (83) 


with 


9^ (-G2(9^) - SGsiq'^)) = 


p{s,f) 


(84) 


In each case, the result is consistent with the relation 


rUJ) 

T M _ !_ _F 

" 2e 


(85) 


with the appropriate /3 function. Although the matrix element has a 1 / 9 ^ pole, the trace is a constant. 


6. GRAVITY AND A NON-LINEAR COMPLETION OF THE ACTION 


The connection between the non-local effective action and the trace anomaly is more obvious if we construct a 
non-linear form of the action using gravitational curvatures. There has been a lot of controversy in the literature 
about the correct form of the non-local action that gives rise to the anomaly. Some authors, see for example [y, . 

argue for the Riegert action first obtained in [H, |3^ while others dismissed it based on several arguments [l4 Il6l. 
and proposed alternative forms. Moreover, another group of authors has used a renormalization group approach to 
argue that both forms exist in the effective action 31|. One might try developing a non-linear completion based on 
the perturbative result M, however this opens up extra questions about general covariance and uniqueness of the 
result. The answer to these questions will be addressed collectively in a companion publication [^ . 

When dealing with massive charged fields, the covariant form involving the curvatures could readily be found by 
one of two ways; non-linear completion or heat kernel methods. For massive fields, all Lagrangians are local and the 
expansion in the curvatures coincides with the energy or derivative expansion - higher powers of the curvature involve 
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higher derivatives. To shed light on the difficulties of the construction when dealing with non-locality, we review a 
local action given by Drummond and Hathrell corresponding to the one-loop effect of a massive charged fermion 


^local [Hj 



h + h + h F^'^F^R^J 




( 86 ) 


These operators comprise a complete basis up to third order in the generalized curvature expansion. In they were 
determined using the two methods mentioned above; matching the above operators onto the perturbative calculation 
of [l^ in the low-energy limit and using the Schwinger-DeWitt technique to compute the heat kernel. Indeed the 
outcome of the two methods agreed, with the result 


U=- 


1 


5767r2 ’ 


h = 


13 


14407r2 ’ 


h = — 


1 


14407r2 ’ 


h = - 


1207r2 


(87) 


With non-local actions the curvature expansion is not equivalent to the derivative or energy expansion because the 
calculations require factors of or !/□. Higher powers of (l/n)i? are not suppressed in the energy expansion. 
Since there is no mass scale in the problem, derivatives acting on curvatures can not be deemed small and thus all 
powers of derivatives must be taken into account. One can think of the non-local form as a non-analytic expansion 
summarizing the results of a one-loop calculation. Nevertheless, the curvature expansion as in Eq. (1861) is useful 
because it accommodates the general covariance of the theory in a more explicit fashion. 

In the local expansion the term involving the constant I 4 in Eq. (15^ is the only term which survives in flat space. 
It comes from the vacuum polarization and is the analogue of the In □ of our non-local form. However, this coefficient 
has no relation to the beta function. For the other terms, the factors of 1/m^ have to be replaced by a different factor 
with the same dimensionality. This can be done schematically by replacing \/rr? by !/□ in Eq. (1861) . The 1 /to 2 
is the leading term in the low-energy expansion of a massive propagator, and thus for massless particles !/□ is the 
obvious generalization. Of course, the replacement is not exact, and we need to adjust the coefficients to match the 
perturbative result. 

We find the following form to be the most informative 


^.[9,A] = j d^Xy/g 




( 88 ) 


In this basis, □ = Vi, is the covariant d’ Alembertian and is the Weyl tensor which in AD reads 


1 R 

~ ~^{^gfiaRi'0 g^^Fuoi gi^aRfi^ FguinF^ia^ F ~^(^gfiagi'i3 gfi^goa^ 


(89) 


and 


n 


FJ) _ 

R — 


p{sj) ^ g2 g2 


(90) 


The term with the Weyl tensor is unrelated to the beta function and the trace anomaly. The term involving the scalar 
curvature in the form {1/0)R is the nonlinear completion of the !/□ effects which leads to the conformal anomaly 
above. The latter is consistent with the leading part of the Riegert action whose non-local piece reads 


Tffiegert = T / d'^X^F'^— E - -Di? 


where E is the AD Gauss-Bonnet topological invariant and A 4 is the fourth order operator 


(91) 


A 4 = n2-2R'^"V^V, + ^Rtf-i(V'^R)V^ . (92) 

The Riegert action has additional contributions which are purely gravitational that we do not display. One immediately 
sees that the piece relevant for a linear expansion around flat space has the required form F 2 (l/n)i? with b = /3/2e. 
This aspect of the effective action was noticed before in @ as well. 
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FIG. 4: Gravitational scattering of a photon off a static massive target. The diagram on the left is the tree level process, while 
the square in the right diagram represents the non-local effects. 


7 . QUANTUM EQUIVALENCE PRINCIPLE VIOLATION 

Quantum loops will upset the predictions of classical general relativity. In this section, we display the quantum 
corrected formula for the bending angle of light and show the violation of the equivalence principle. The classical 
prediction of general relativity can be found in almost every textbook on general relativity. There is no reliable fully 
quantum treatment that can be applied to the bending of light. We follow the semiclassical approach presented in [1^ . 
The inverse Fourier transform of the amplitude is first obtained, from which one can define a semiclassical potential 
describing the interaction between a photon and a massive object like a star. This allows the bending angle to be 
computed via 


0 


b /■“ , V'ibVTT^) 

— du - , — 

^ J oo Vd-t-Zi 


(93) 


where b is the classical impact parameter and E is the photon energy. Although this formula might look naive, it was 
shown in [13 that it indeed yields the correct result for the post-Newtonian correction to the bending angle when 
gravitaton loops are considered. 

Because there are no completely massless charged particles®, our result would only apply in the real world at energies 
far above the particle mass. However, it is interesting as a theoretical laboratory. What aspects of the equivalence 
principle can be violated by quantum effects? As a technical aspect, we allow the mass to provide an infrared cutoff 
to the infrared singularity of the energy-momentum matrix element. The coupling of photons to gravity is given by 
the one-loop energy-momentum tensor given in the previous section with A replaced by m. 

Since we work in the static limit, the scalar particle mass is large compared to the momentum transfer Mq ^ |q| 
and so we ignore the recoil. We also remind that the polarization vectors for physical photons are purely spatial and 
thus the amplitude takes the simple form 


2 q2 



(A2e*-e(l-kcos6l)-k-e*k'-e) 


(94) 


where E is the photon energy, k is the incoming 3-momentum, k' is the outgoing 3-momentum and the polarization 
vectors are purely spatial. 

It is convenient to work with circularly polarized photons, and we find that the helicity conserving amplitude 
includes the contribution of the logarithm, yielding 


M{++) = M {—) = 


(kMqE ) 
2 q 2 


2 r 




(1 -|- COS0) 


In the non-relativistic limit, the semiclassical potential is simply 


V{r) = - 


1 


_ r d^q 

AMqEJ (27r)3 


^Miq) 


(95) 


( 96 ) 


® However, note that in the early universe above the electroweak phase transition, the elementary particles are massless. 
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where the prefactor accounts for non-relativistic normalization. Employing the following relations, 


(fq 




{2ttY 


■ In ( ^ 1 = - 


In(mr) + 7 ^ 
27rr ’ 




(27r)^ 


In ^ = - 


1 


27rr3 ’ 


cos 6 l = l-^ (97) 


we simply find 


y++ir) = V—ir)=- 


2GMqE ^ WttGMq 
r E 


< 5 ( 3 ) (> 


A(3GMqE 


— in mr — 


(98) 


Notice in particular that the corrections to the Newtonian piece are not necessarily attractive. The short-range delta 
function does not lead to any modifications to the bending angle. Using Eq. dSD, we find 


Q 4 GM 0 ^ 8(3GMq 4/3GM0 

^non-flip ~ 7 (In ?TiO 4- 7i? In 2 ) 


eb 


eE%^ 


(99) 


In contrast to this, the 1/q^ portion of the energy momentum tensor leads to helicity flip amplitudes. Here, one 
finds the result 


. [kcMqEY 
M{E-) = M{-+) = 


{neMQf 


( 100 ) 


for bosons and 


, (kcMqE)'^ 

Mi+-) = Mi-+) = ^ - :§-^bf 


{neMof 


( 101 ) 


for fermions. This result has interesting features; first of all the sign in front of the Coulomb-like piece is different 
for both species. Moreover, the l/g^ terms do not modify the helicity non-flip part of the amplitude. Thus the 
non-relativistic potential is spin-dependent. If we proceed with the calculation of the bending angle, we find 


Ofi 


ip 


—ie’^bgGMQ/b, bosons 
ie^bfGMQ/b, fermions 


( 102 ) 


The interpretation of this result is less clear. However, the overall picture is clear: quantum physics has modified the 
classical prediction for light bending. In particular, photons of different energies will follow different trajectories. 


8. CONCLUSION 

We have been discussing low energy aspects of the conformal (trace) anomaly of QED using the one-loop effective 
action obtained by integrating out the massless charged particles. This is non-local because of the long distance 
propagation of the massless particles. However, after renormalization it is this non-local object that encodes the 
information on the anomaly. We also constructed the non-local energy-momentum tensor quadratic in the gauge field. 
This has the correct non-vanishing trace arising from a 1/g^ pole, which nevertheless yields a local trace. In the 
effective action, both the log □ and !/□ terms were required, with the log piece being related to scale symmetry and 
the !/□ piece being related to conformal symmetry. These non-local terms are interesting in their own right. For 
example, we showed that such corrections lead to an energy dependence of the bending of light, signaling a violation 
of some classical versions of the Equivalence Principle. 

Another aspect of our exploration is an initial construction of the non-local action for a curved background, the 
correct form of which has been an ongoing controversy since the seminal work on gravitational anomalies by Deser, 
Isham and Duff Q- This construction constitutes a fundamental ingredient if one wants to consider the effects of 
the anomaly on various gravitational phenomena beyond the linear approximation. Over the years, multiple authors 
have investigated the effects of anomalies on different phenomena ranging from cosmology and astrophysics 
to black holes [S^ [S^ . We will continue the discussion of the covariant form of the effective action in [2l| . 


9. ACKNOWLEDGMENTS 

We would like to thank A. Codello, S. Deser, E. Mottola and A. O. Barvinsky for useful discussions. This work has 
been supported in part by the U.S. National Science Foundation Grant No. PHY-1205896. 

















15 


Appendix A: Scale currents 

Let us give a quick review of scale and conformal symmetries in a bit more detail than described in the introduction. 
In general the consequence of dilatation symmetry is to generate a current 

= (Al) 

where is called the virial current and 0^^ is the canonical energy-momentum tensor. Scale symmetry then implies 
that 


Noether “ ® 

For example, if we apply Noether’s theorem to Sem we find 

JLether=QU''-F^‘^A 


(A2) 

(A3) 


where 0^^ is 


0 — -n F aF°‘P — F 8 A° 


(A4) 


The current is easily seen to be conserved upon using the classical equation of motion, but notice that it looks quite 
different from the dilatation current in Eq. ©• Moreover, the asymmetric canonical energy-momentum tensor is 
not the same as quoted in the same equation. The trick is to use scale invariance to construct an improved 
traceless tensor much like using the Belinfante procedure for finding a symmetric energy-momentum tensor exploiting 
the Lorentz invariance of the theory. These aspects are well explained in [2^. The procedure is to judiciously add 
a conserved symmetric second-rank tensor to form the Belinfante tensor such that its trace reads 


T = 8 I 

Noetherlof f —shell 


(A5) 


and hence the improved tensor will be traceless on-shell. For electromagnetism, the Belinfante procedure yields 
the desired tensor without any further modifications® 

T^u = -F^^F^ + . (A6) 

With this object in hand, Eq. m defines the dilatation current. When coupled to gravity, the photon action is 
conformally invariant. 

A similar story holds for the scalar field, starting from the Lagrangian of Eq. (l30l) . For the minimally coupled field, 
the energy momentum tensor is not traceless and the dilatation current is 

JLether = ^^ (A7) 


However, if we use the improved energy momentum tensor with conformal coupling, the energy momentum tensor is 
now traceless 


j.(^=l/6) M _ Q 

and we do not need the virial current. The scalar field is only conformally invariant for ^ = 1/6. 


(AS) 


Note that the energy-momentum tensor is traceless even off-shell. 
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Appendix B: Reduction of the triangle and bubble integrals 


1. Bubbles 


d^k 




{2tt)D (A:2+iO)((fc + 02 + iO) 
d^k kf^k‘' 

j2^Jk^TMj{(kTl)^T^ 

d^k k^k'^k°‘ 

{2 tt)D [k^ + iQ){[k + ly + iQ) 


—-{d + 2 );^rr] hii) 

8(11 - 1 ) 


where I is an arbitrary four-momentum and I 2 is the scalar bubble function 


h{p) 


d^k _1_ 

(27r)-° (fc 2 + zO)((A: + p)"^ + tO) 


(Bl) 

(B2) 

(B3) 


(B4) 


2. Triangles 


d^k 




(27r)^ 

(fc 2 

-b 

f 0 )((fc 

+ l)^ + i0)iik + l')^ 

+ 

zO) 

d^k 




k'^k'' 



(277)^ 

(*2 

-b 

f 0 )((fc 

+ l)^ + i0)((k + l')^ 

+ 

zO) 

d^k 




k>^k''k°‘ 



(27r)D 

(*2 

-b 

f 0 )((fc 

+ l)^ + i0){{k + l')^ 

+ 

zO) 

" d^k 




k'^k''k°‘k^ 




(27r)^ (P -h iO)((fc -b ly + tO)(fc -b I'Y + iO) 


= (B5) 

= -b CQ^^Q^ -b Dq^q'' (B 6 ) 

= E{Q^^p•'°‘ + perm) -b FQ>^Q''Q°‘ -b G{Q>^q''q°‘ + perm) 

= -b perm) -b IQ°‘+ perm) -b Jq°‘q<^ + perm) 


where 


+ + Lq^q''q‘^q^ + MiQ^Q-'q^q^ + perm) (B7) 


= ^ 0, Q = l + l' q = l-l' (B 8 ) 


We ignored any analytic dependence on A^, and only retained it inside logarithms. The different coefficients read 


1 


1 


A=-iHq)-Hl)l i?=2p-2) 


h{q), C= 2 

9 


1 I 


D-i 


2{D-2) 


h{q) 


D = 


F = 


1 /I 


2{D-2y 


hiq)], E = - 


4(0-1) 


1 


D 


(D-3)hiq)--h(l)], G = 


h{q) 


1 


4q^{D - 1 ) 

1 j- 

H = - 7 -^- 7 / 2 ( 9 ), /=- h{q), J= -^- 7 / 2 ( 9 ) 

^D(D-l) SD SD(D-l) 


4q^{D-l) 

1 


h(q)-^hil) 


K = 


M = 


1 f D + 2 


f \S(D-1) 


m - 


D-3 


D 


hiq) 




I f D + 2 1 , , 

3^ \8iD-l)^^^ ^ ~ 


(B9) 


[1] J. Gasser and H. Leutwyler, “Chiral Perturbation Theory: Expansions in the Mass of the Strange Quark,” Nucl. Phys. B 
250, 465 (1985). 



17 


[2] J. Polchinski, “Scale and Conformal Invariance in Quantum Field Theory,” Nucl. Phys. B 303, 226 (1988). 

R. Jackiw and S.-Y. Pi, “Tutorial on Scale and Conformal Symmetries in Diverse Dimensions,” J. Phys. A 44, 223001 

( 2011 ). 

[3] K. Fujikawa, “Comment on Chiral and Conformal Anomalies,” Phys. Rev. Lett. 44, 1733 (1980). 

[4] J. Horejsi, “On Derivation of Triangle Anomaly,” Phys. Rev. D 32, 1029 (1985). 

[5] J. Horejsi and M. Schnabl, “Dispersive derivation of the trace anomaly,” Z. Phys. C 76, 561 (1997). 

[6] M. Giannotti and E. Mottola, “The Trace Anomaly and Massless Scalar Degrees of Freedom in Gravity,” Phys. Rev. D 
79, 045014 (2009). 

[7] S. Deser, M. J. Duff and C. J. Isham, “Nonlocal Gonformal Anomalies,” Nucl. Phys. B 111, 45 (1976). 

[8] A. O. Barvinsky, Y. V. Gusev, G. A. Vilkovisky and V. V. Zhytnikov, “The One loop effective action and trace anomaly 
in four-dimensions,” Nucl. Phys. B 439, 561 (1995). 

[9] M. J. Duff, “Observations on Gonformal Anomalies,” Nucl. Phys. B 125, 334 (1977). 

[10] S. Deser, “Gonformal anomalies: Recent progress,” Helv. Phys. Acta 69, 570 (1996). 

[11] R. M. Wald, “Trace Anomaly of a Gonformally Invariant Quantum Field in Gurved Space-Time,” Phys. Rev. D 17, 1477 
(1978). 

[12] M. J. Duff, “Observations on Gonformal Anomalies,” Nucl. Phys. B 125, 334 (1977). 

[13] S. Deser and A. Schwimmer, “Geometric classification of conformal anomalies in arbitrary dimensions,” Phys. Lett. B 309, 
279 (1993). 

[14] J. Erdmenger and H. Osborn, “Gonserved currents and the energy momentum tensor in conformally invariant theories for 
general dimensions,” Nucl. Phys. B 483, 431 (1997). 

[15] R. Armillis, C. Coriano and L. Delle Rose, “Conformal Anomalies and the Gravitational Effective Action: The TJJ 
Correlator for a Dirac Eermion,” Phys. Rev. D 81, 085001 (2010). 

[16] S. Deser, “Closed form effective conformal anomaly actions in D i= 4,” Phys. Lett. B 479, 315 (2000). 

[17] N. E. J. Bjerrum-Bohr, J. F. Donoghue, B. R. Holstein, L. Plant and P. Vanhove, “Bending of Light in Quantum Gravity,” 
Phys. Rev. Lett. 114, 061301 (2015). 

[18] G. Passarino and M. J. G. Veltman, “One Loop Corrections for e-l- e- Annihilation Into mu-f mu- in the Weinberg Model,” 
Nucl. Phys. B 160, 151 (1979). 

[19] F. A. Berends and R. Gastmans, “Quantum Electrodynamical Corrections to Graviton-Matter Vertices,” Annals Phys. 
98, 225 (1976). 

[20] K. A. Milton, “Quantum Electrodynamic Gorrections to the Gravitational Interaction of the Photon,” Phys. Rev. D 15, 
2149 (1977). 

[21] John E. Donoghue and Basem Kamal Elmenouh, “Covariant non-local action for massless QED and expansion in the 
curvature, ” In preparation. 

[22] S. Weinberg, “The Quantum theory of fields. Vol. 1: Foundations,” Cambridge, UK: Univ. Pr. (1995) 609 p4 

[23] P. Di Francesco, P. Mathieu and D. Senechal, “Conformal field theory,” New York, USA: Springer (1997) 890 p 

[24] J. F. Donoghue and B. K. El-Menoufi, “Non-local quantum effects in cosmology 1: Quantum memory, non-local FLRW 
equations and singularity avoidance,” Phys. Rev. D 89, 104062 (2014). 

[25] I. T. Drummond and S. J. Hathrell, “QED Vacuum Polarization in a Background Gravitational Field and Its Effect on 
the Velocity of Photons,” Phys. Rev. D 22, 343 (1980). 

[26] P. O. Mazur and E. Mottola, “Weyl cohomology and the effective action for conformal anomalies,” Phys. Rev. D 64, 
104022 (2001). 

[27] L. Bonora, P. Gotta-Ramusino and G. Reina, “Conformal Anomaly and Cohomology,” Phys. Lett. B 126, 305 (1983). 

[28] S. Deser and A. Schwimmer, “Geometric classification of conformal anomalies in arbitrary dimensions,” Phys. Lett. B 309, 
279 (1993). 

[29] R. J. Riegert, “A Nonlocal Action for the Trace Anomaly,” Phys. Lett. B 134, 56 (1984). 

[30] E. S. Fradkin and G. A. Vilkovisky, “Conformal Off Mass Shell Extension and Elimination of Conformal Anomalies in 
Quantum Gravity,” Phys. Lett. B 73, 209 (1978). 

[31] A. Codello, G. D’Odorico, G. Pagani and R. Percacci, “The Renormalization Group and Weyl-invariance,” Class. Quant. 
Grav. 30, 115015 (2013). 

[32] E. C. Thomas, F. R. Urban and A. R. Zhitnitsky, “The Cosmological constant as a manifestation of the conformal 
anomaly?,” JHEP 0908, 043 (2009). 

[33] E. Mottola, “The Trace Anomaly and Dynamical Vacuum Energy in Cosmology,” Int. J. Mod. Phys. A 25, 2391 (2010). 

[34] N. Bilic, B. Guberina, R. Horvat, H. Nikolic and H. Stefancic, “On Gosmological Implications of Gravitational Trace 
Anomaly,” Phys. Lett. B 657, 232 (2007). 

[35] R. Schutzhold, “Small cosmological constant from the QGD trace anomaly?,” Phys. Rev. Lett. 89, 081302 (2002). 

[36] L. Labun and J. Rafelski, “QED Energy-Momentum Trace as a Force in Astrophysics,” Phys. Lett. B 687, 133 (2010). 

[37] S. W. Hawking, T. Hertog and H. S. Reall, “Trace anomaly driven inflation,” Phys. Rev. D 63, 083504 (2001). 

[38] D. V. Fursaev, “Temperature and entropy of a quantum black hole and conformal anomaly,” Phys. Rev. D 51, 5352 (1995). 

[39] R. Aros, D. E. Diaz and A. Montecinos, “Wald entropy of black holes: Logarithmic corrections and trace anomaly,” Phys. 
Rev. D 88, no. 10, 104024 (2013). 



